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Abstract
We prove that elements of the Weierstrass gap set of a pair of points may be used 
to define a geometric Goppa code that has minimum distance greater than the 
usual lower bound. We determine the Weierstrass gap set of a pair of any two 
Weierstrass points on a Hermitian curve and use this to  increase the lower bound 
on the minimum distance of certain codes defined using a  linear combination of the 
two points. In particular, we obtain some two-point codes on a Hermitian curve 
th a t have better parameters than the one-point code on this curve with the same 
dimension. These results generalize to certain codes defined using an m-tuple of 
points on a smooth projective absolutely irreducible curve.
iv
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Introduction
One of the main goals of algebraic coding theory is to construct codes over a finite 
field F9 for which the dimension and minimum distance are large with respect to 
the length. A class of codes called Reed-Solomon codes are optimal in the sense 
that the dimension and minimum distance are the maximum for their given length. 
However, this class of codes has a fixed length n  = q — 1 . In 1980, V. D. Goppa 
realized that algebraic curves could be used to construct a  large class of codes 
with lengths greater than q — 1 [8]. These linear codes, which we will denote by 
Cq(D, G), are formed using two divisors G and D  on a smooth projective absolutely 
irreducible curve X  defined over a finite field F9. These codes no longer have 
maximum dimension and minimum distance for their length, but Goppa obtained 
bounds on these parameters by using algebraic properties of the curve and the 
Riemann-Roch Theorem.
If G is a multiple of an F9-rational point and D is another divisor that is the 
sum of distinct F9-rational points not in the support of G, we call Cn(D, G) a one- 
point code. One-point codes are actually a generalization of Reed-Solomon codes. 
In 1992, A. Garcia and R. F. Lax showed that the structure of the gap sequence 
at a point P  may allow one to give a better lower bound on the minimum distance 
of a one-point code Cn(D, aP) [5].
E. Arbarello, M. Cornalba, P. Griffiths, and J. Harris generalized the notion of 
the gap sequence at a point to the Weierstrass gap set of a pair of points on a 
curve [1]. Unlike the gap set of a point, the cardinality of the gap set of a pair of 
points depends on the particular points chosen.
1
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In this paper, we are interested in codes of the form C n(D ,aP i +  /3P2) where 
Pi and P2 are Fg-rational points and D is a sum of distinct F9-rational points 
different from Pi and P2. We call such a code a two-point code. Two-point codes 
are a generalization of a well-known class of codes called BCH codes. Knowledge 
of the Weierstrass gap set of the pair (P i,P 2) may allow one to increase Goppa’s 
lower bound on the minimum distance. In some cases this gives codes with better 
parameters than one-point codes.
In Chapter 1, we review basic coding theory definitions. We define the geometric 
Goppa codes and discuss Reed-Solomon codes and BCH codes. One-point and two- 
point codes are introduced here.
Chapter 2 begins with our result relating the Weierstrass gap set of a pair to the 
minimum distance of codes on arbitrary curves. We then compute the Weierstrass 
gap set of a pair of Weierstrass points on a Hermitian curve. Then, using this, we 
obtain results specialized to two-point codes on Hermitian curves.
We define the Weierstrass gap set of an m-tuple of points in Chapter 3. Then 
we see that several previous results generalize to theorems concerning m-point 
codes. Finally, we use the gap set of an m-tuple to increase the lower bound on 
the minimum distance of certain (m — l)-point codes.
2
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Chapter 1 
Algebraic Geometry Codes
1.1 Definition of Algebraic Geometry Codes
A q-ary linear code of length n  and dimension A; is a A>dimensional vector subspace 
of F£, where F9 denotes the finite field with q elements. The minimum distance of 
a code is the minimum number of places in which two distinct codewords differ. 
The minimum distance of a linear code is also the minimum weight of a nonzero 
codeword, where the weight of a  codeword is the number of nonzero places. A linear 
code with length n , dimension k, and minimum distance d is called an [n, k, d] code. 
A generator matrix for an [n, k, d] code C  is a k  x n matrix whose rows are a basis 
for C. The dual of a  g-ary linear code C  of length n  is
C x =  {u  E :< u ,c  > =  0 for all c 6  C},
where <  u ,c  > is the usual inner product of u and c. A parity check m atrix for 
a code C  is a generator m atrix for the dual code C x . One of the main goals of 
algebraic coding theory is to construct codes over F9 for which the dimension and 
minimum distance are laxge with respect to the length. However, the Singleton 
Bound states that k  +  d  <  n +  1. Codes for which k + d  =  n + 1 are called 
maximum distance separable (MDS) codes.
Let n  =  q — 1 . Let /? be a generator of the multiplicative group F^ =  F9 \  {0}. 
Let Lk denote the set of polynomials of degree at most k — 1 with coefficients 
in F9, where k < q. The Reed-Solomon code C* is the image of the linear map 
(f>: Lk —> F£ defined by
/-» W),/(/32),---,/(/3"))-
3
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P ro p o s itio n  1 .1 . The Reed-Solomon code Ck is an [n, k ,n  — k +  1] code.
Proof. First notice that a polynomial of degree at most k  — 1 can have a t most 
k — 1 zeros. Thus, the kernel of the map <f> consists of the zero codeword. Then 
the dimension of Ck is equal to the dimension of Lk, which is k. The weight of 
any nonzero codeword is a t least n — k +  1. So the minimum distance of Ck is at 
least n — k +  1. By the Singleton Bound, the minimum distance of Ck is exactly 
n — k +  1 . □
An extended Reed-Solomon code Cfk is obtained from Ck by extending each 
codeword <j>(f) of Ck to a codeword (/(/?), /(/?2), • • -, f(P n), /(0 )) of length n +  1 . 
The code Cfk also has dimension k. Its minimum distance is n — k +  2 since the 
codewords of C'k are of length n - 1- 1 and can have at most k — 1 zero coordinates. 
Thus, extended Reed-Solomon codes are also MDS.
We wish to view Reed-Solomon codes and extended Reed-Solomon codes as 
arising from evaluating rational functions at points on an algebraic curve. Consider 
the projective line P|. over Fg. Let P ^  denote the point at infinity and Q \,. . .  ,Q n 
be all of the other nonzero F9-rational points on X .  Let L((k  — l)Poo) denote the 
set of rational functions defined over F9 with no poles other than Poo and the pole 
order at P00 less than k. Then L((k  — l)Poo) is the set Lk of polynomials of degree
less than k. Define Cl (Qi -1------ 1-Q n, {k — l)Poo) to be the image of the linear map
<j>: L ((k  — l)Poo) —> 1F£ defined by
/ ^ ( / ( Q i ) , / ( Q 2) , . . . , / (Q n)) -
Then Cx(QH hQni (k —l)Poo) is just the Reed-Solomon code Ck. The extended
Reed-Solomon code Cfk can be obtained by defining <f>: L((k — l)Poo) —>■ F£ by
/  (/(<?!), f ( Q 2), - - • , /(Qn), /(Po)),
4
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where Pq denotes the zero point of X .  This gives a method of constructing Reed- 
Solomon codes and extended Reed-Solomon codes th a t can be generalized to obtain 
codes with lengths greater than q — 1 and q.
While Reed-Solomon codes and extended Reed-Solomon codes are both MDS, 
the size of the field F9 places a restriction on the lengths of these codes since 
n =  q — 1. To produce longer codes in the same manner, consider instead a smooth 
projective absolutely irreducible curve X  of genus g over F9. A divisor D  on X  
defined over F9 is an element of the free abelian group generated by the F9-rational 
points of X .  The divisor of a rational function /  is ( /)  =  YLvp ( f)P  where v p (f)  
denotes the order of /  at the point P. Similarly, one defines the divisor of a rational 
differential 77. The divisor of a differential is called a canonical divisor. The divisor 
of poles of a rational function /  will be denoted by (/)oo* Two divisors Di and 
£>2 are linearly equivalent, denoted Di ~  D 2 , if Di — D 2 — ( / )  for some rational 
function / .
For a divisor D  on X  defined over F9, let L(D) denote the set of rational functions
/  on X  defined over F9 with divisor ( /)  >  —D  together with the zero function,
and let Q(D) denote the set of rational differentials 77 on X  defined over F9 with 
divisor (77) >  D together with the zero differential. Both L(D) and Q(D) are finite 
dimensional F9-vector spaces; let 1(D) and i(D) denote their respective dimensions 
over F9 .
T h eo rem  1.2. (Riemann-Roch Theorem) For a divisor D on a smooth projective
absolutely irreducible curve X  of genus g, the dimension of D  is given by
1(D) = deg D + 1 — g + i(D)
— deg D  +  1 — g +  l(K  — D ),
where K  is any canonical divisor on X .
Proof. See [14]. □
5
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Let G be a divisor on X  defined over Fg and let D  =  Q i -1 h Qn be another
divisor on X ,  where Qi, . . . ,Q n are distinct F9-rational points and none of the Qi 
is in the support of G. The geometric Goppa codes Cl (D ,G )  and Cq(D ,G )  are 
constructed as follows. We give Stichtenoth [14] as a general reference. The code 
Cl (D, G) is the image of the linear map <f>: L(G ) —>■ F£ defined by
/ ^ ( / ( Q l ) , / ( Q 2 ) , . . - , / ( Q n ) ) .
P ro p o s itio n  1.3. I f  the degree of the divisor G is less than n, then the code 
Cl (D ,G ) has dimension 1(G) >  deg G + 1 — g and m inim um  distance at least 
n — deg G.
We will use the following lemma in the proof of Proposition 1.3.
L em m a 1.4. I f  the degree of a divisor A  is less than zero, then the space L (A ) 
has dimension zero.
Proof. Assume there is a nonzero rational function /  in L (A ). Then ( /)  +  A  > 0. 
But
deg((/) +  A) =  deg A  < 0,
a contradiction. □
We can now prove Proposition 1.3.
Proof. First, note that 0 is a surjective map from L(G) to  Cl (D : G). The kernel 
of (f> is the set of rational functions in L(G) with zeros a t each of the Q,. So the 
kernel of <f> is exactly L(G — D). Since the degree of G is less than n, the degree 
of the divisor G — D  is less than 0, and the dimension of the space L(G — D ) is 
zero. Thus, the dimension of Cl (D , G) is equal to 1(G), and 1(G) > deg G  1 — g 
by the Riemann-Roch Theorem.
6
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Let d denote the minimum distance of the code C l (D ,  G). Let /  be a rational 
function in L(G ) such th a t the weight of 4>{f) is exactly d. Then exactly n  — d of 
the Qi, 1 <  i  < n, are zeros of / .  We may assume, relabeling the Qi if necessary, 
that Q i,. . Qn-d  are zeros of / .  Thus,
( / )  >  (Ql ”1-------S' Qn-d) — G.
This implies that /  is a nonzero element of L(G — (Qi H H Qn-d))- Then the
dimension of L(G — (Qi H 1- Qn-d)) is positive. By Lemma 1.4,
deg G — (n — d) > 0.
Therefore, the minimum distance of C l {D ,  G) is at least n  — deg G. □
The code Cn(D, G) is the image of the linear map (f>* : Q(G — £>)—>■ defined 
by
7] i-> (resQ, (77), resq2 ( 7 7 ) , . . . ,  resQn (77)).
P ro p o s itio n  1.5. I f  deg G > 2g — 2 , then the code C n(D ,G ) has dimension 
i{G  — D) > n  — deg G + g — 1 and minimum distance at least deg G — (2g — 2).
To prove Proposition 1.5, we will use the following lemma.
L em m a 1.6. I f  the degree o f a divisor A  is greater that 2g — 2, then the space 
0 (A) is zero-dimensional.
Proof This follows immediately from Lemma 1.4 as the degree of any canonical 
divisor K  is 2g — 2 and the dimension of 0(A) equals the dimension of L {K  — A). 
□
We now give the proof of Proposition 1.5.
Proof. The map (f>* from O(G — D) to Cn(D, G) is surjective. The kernel of <f>* 
consists of all rational differentials in 0((? — D) with no pole at Qi for all i ,
7
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1 < i < n. Thus, the kernel of 0* is just f2(G). Since the degree of G is greater 
than 2g — 2, the dimension of Q(G) is zero by Lemma 1.6. Then the dimension of 
Cn {D,G) is
k =  dim Q(G — D) =  i(G  — D),
and i{G — D) > n — deg G + g — 1 from the Riemann-Roch Theorem.
Let d denote the minimum distance of C ^{D ,G ). Let 4>*(v) be a codeword of 
minimum weight d. Then 77 has poles at exactly d of the Qi, say Q i,. . . ,  Qd- Thus,
77 is a nonzero element of Q(G — {Q1 -i h Qd)). By Lemma 1.6 , deg (G — (Qi +
 1- Qd)) 5; 2<7 — 2 . It follows that d > deg G — (2g — 2). □
P ro p o s itio n  1.7. The codes Cl (D ,G ) and Cq(D,G) are dual codes.
Proof. See [14]. □
1.2 One-point Codes
D efin itio n  1.8. If G — m P  for some F9-rational point P, m  E N, and D  is 
the sum of all the other F9-rational points on X ,  we will refer to Cl (D,G) and 
Cq(D , G) as one-point codes.
We have already seen that the one-point code Cl (D, G) is a generalization of an 
extended Reed-Solomon code.
Let F9(X) denote the field of rational functions on X  defined over ¥q. For an 
Fg-rational point P, one defines the Weierstrass semigroup of the point P  by
H (P )  =  {a E No : there exists /  6  F9(X) with (/)t»  =  &P},
where N0 denotes the set of nonnegative integers. Define the Weierstrass gap set 
G(P) by
G(P) =  N0 \ i f ( P ) .
8
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A nonnegative integer a  is a  gap a t an Fg-rational point P  if and only if l ( a P )  =  
l ( ( a  — l ) P ) .  The following theorem due to Garcia and Lax shows that knowledge of 
the gap sequence at P  may allow one to give a better lower bound on the minimum 
distance of one-point codes C n ( D , m P ) .
T h e o re m  1.9. [5] Assum e a  and 7  are gaps at an ¥q-rational point P . Put G  =
(a + 7 —1)P- Suppose D  =  Qi-\ \-Qn> where the Qi are distinct ¥q-rational points,
each not belonging to the support o f G. I f  the dimension of the code C n ( D , G ) is 
positive, then the m inim um  distance of this code is at least deg G  — 2g +  3.
Proof. P u t w =  deg G  — 2g +  2. If there exists a codeword of weight w, then there 
exists a differential77 G f l ( G  — D )  with exactly w simple poles Q i, . . . , Qw. We then
have (77) > G  — (Qi H h Qw). Hence, 2g — 2 =  deg (77) >  deg G -  w =  2g — 2 .
It follows that
(jl) — G — (Qi H 1- Qw)-
Since l(aP ) =  I ((a  — 1 )P ) , by the Riemann-Roch Theorem, there exists a rational 
function
h e  L (K  -  (a -  1 )P ) \L (K  -  (aP))
for any canonical divisor K  on X .  Thus, (h ) =  (a  — 1 )P  — K  + E, where E  is an 
effective divisor with P  not contained in its support. Now
G — (Qi H h Qw) =  (77) ~  K  ~  (a — 1 )P  + E.
It follows that
0  7 p  +  ( Q x -1-------- +  Q w) +  E .
Thus, there exists a rational function /  with pole divisor
( / )  00 =  yP,
contradicting the fact th a t 7  is a gap at P . □
9
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Garcia and Lax together with S. J. Kim obtained the following result relating 
consecutive gaps to an improvement of Goppa’s lower bound on the minimum 
distance.
T h e o re m  1.10. [4] Suppose that each of the integers a , a:4-1, . . . ,  a+ t, 7 —(£—1), 
. . . ,  7  — 1 , 7  is a gap at P , with a + 1 < 7  and t > 1 . Put G — (a  4- 7  — 1)P.
Suppose D  =  Q\ H b Qn, where the Qi are distinct ¥q-rational points, each not
belonging to the support o f G. I f  the code C n(G ,D ) has positive dimension, then 
its m inim um  distance is at least deg G — (2g — 2) -b (t +  1).
1.3 Two-point codes
D efinition . 1 .1 1 . If G = oc\P\ 4- 02 P> for distinct Fg-rational points Pi and P2, 
q:i, 02  E N, and D  is the sum of all the other F9-rational points on X , we will refer 
to C c{D ,G ) and C n(D ,G ) as two-point codes.
As an example, we will consider a two-point code on a Hermitian curve. Let X  
denote the Hermitian curve y q + y  = x q+1 over the field F92 . The genus of X  is 
g =  . Let Pab denote the common zero of x  — a and y — b, where bq + b = aq+1.
The curve X  has exactly q3 4- 1 F92-rational points, namely the common pole Poo 
of x  and y  and q3 points Pa& with a, b E Fg2 .
E x am p le  1 .1 2 . Let X  denote the Hermitian curve yA 4- y =  x5 of genus g =  6 
over Fi6 where F16 =  F2[£]/ (i4 4 -14-1). The divisors of x  and y are given by
(x) =  Poo 4- Pot5 4- Potio 4- Pox — 4Poo and (y) =  5(Poo Poo)-
This curve has 65 Fx6-rational points. Let G =  8P00 4- 6Poo and D  be the sum of 
the remaining 63 Fi6-rational points on X .  Then Ca(D, G) is a  two-point code of 
length 63. The degree of the divisor G — D  is negative and so by Lemma 1.4, the 
dimension of G — D  is zero. It follows that Cn(D,G) has dimension i(G  — D) =
10
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n —deg G + g — l  =  54. Thus, a parity check matrix for this code is a 9 x 63 matrix.
i _3 2 2The rows of this m atrix correspond to the functions 1 , x, y, p  p ,  y ,  p., and
4____________________________________________________ _
p  which form a basis for the space L(8P00 +  6P00). The columns corresponding to 
the points Pot*? Pot10, Pox, Pit, Pit*, Pit-*, and P us are given respectively by
1 1 1 1 1 1 1
0 0 0 1 1 1 1
0 0 0 £14 £13 t n t7
£5 £10 1 t t 2 t 4 ta
I—* o 3 t5 3 1 3 t 14 3 i 13 3 t n , and t 7
0 0 0 t 13 t 11 t 7 t 14
0 0 0 £14 £13 £u t7
0 0 0 £13 t n t7 t 14
0 0 0 i 13 t 11 t7
Consider the differential
x^y
U ( x - l ) ( y ~ t 5) ( y - t l0) ( y -  l ) dX'
Then u> e  f2(8Poo 4- 6Poo — D )  as
(w ) =  9Poo 4 - 8Pqo — Pot5 ~  -Pot10 ~  -Poi — Pit — Pit2 — Pit4 — Pita-
Since to has poles at exactly seven points in the support of D ,  u> gives rise to 
a codeword of weight 7. The nonzero coordinates of this codeword are given by 
resPQtsu  =  *10> TesPottoU =  resPoiw =  resPltuj =  t2, respu2u  = t4, respuAuj =  
f8, and respitau) =  t. One can use the above columns to check that this is a codeword 
of Cn(D,  G ) .  It follows that the minimum distance d  of C q ( D : G)  is no more than 
7. By Proposition 1.5, d  > 4. Thus, Cn(D ,  G)  is a [63,54,4 <  d  < 7] code. In 
Chapter 2 , we will show that the minimum distance of this code is at least 6 .
11
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We now consider a class of cyclic codes called BCH codes which were discovered 
independently by Hocquenghem [9] and Bose and Chaudhuri [3] around 1960. A 
code C  is called cyclic if for each codeword (a0, a\ , . . . ,  an- i ) , (an_i, Go, a x , , an_ 2) 
is also a codeword. This can be viewed algebraically in the following manner. First, 
note that and F9[x]/(xn — 1) are isomorphic as F9-vector spaces by associating
an element (a0, ax, . . . ,  an- i)  of F£ with a0 +  a.\x +  • - - -f- On-iX71-1, an element
of F9[x]/(xn — 1). So the cyclic shift above corresponds to multiplication by x  in 
Fg[x]/(xn — 1). Thus, a linear code C  of length n  over F? is cyclic if and only if C  
corresponds to an ideal in F9[x]/(xn — 1). That is, a cyclic code C  corresponds to 
a principal ideal generated by a polynomial g(x) 6  F9 [x] that divides x n — 1.
Consider an extension field F,m of F9 and a gm-ary linear code C  of length n. 
The g-ary subfield subcode C |f, of C  is the restriction of C  to F9. That is,
Cfc, =  D F£.
So the q-ary subfield subcode of a linear code over F9m is a code over F9.
Let n  be a divisor of qm — 1 and /? e  F9m be a primitive n th root of unity. 
Let 5 and I be integers with 5 > 2 . Let g{x) be the least common multiple of 
the minimum polynomials of (3l, /3i+1, . . . ,  f3l+s~2 over F?. Let B(n, 1,5) denote the 
cyclic code of length n over F9 with generator polynomial g(x). The code B(n, 1,5) 
is called a BCH code with designed distance 5.
Let B' be the code over F9m with parity check matrix
( .  \
M  =
1 (5l J32t
1 /3l+l /32(f+1)
^1 /3l+6~2 /?2(/+<f-2) _ p(n-l)(l+5-2) ^
It is easy to check that B (n , Z, S) is the g-ary subfield subcode of B'.
12
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From now on, we assume that n  — qm — 1, in which case the code B (n ,l,8 )  
is called a primitive BCH code. Primitive BCH codes may be viewed as subfield 
subcodes of Goppa codes. Let F,m (x) be the rational function field over Fgm. Let
P q (resp. Pqo) denote the zero (resp. pole) of x .
P ro p o s itio n  1.13. The code B (n ,l,8 )  is the q-ary subfield subcode o f the code 
Cn(D, —IPq +  (5 + 1 — 2 )Poo), where D  is the sum of all Fgm -rational points other 
than Pq and P ^ .
Proof. A basis of L{—IPq+{8+1—2)P<X3) is the set of elements {x1 : 1 < i  < 8+1—2}. 
For 1 <  i < n, let Qi denote the zero of x  — and put D  = Qi + . . .  + Qn. 
Then the matrix M  above is a parity check matrix for the code C n ( D ,  — I P q + (8 + 
I -  2)Poo). □
Thus, a primitive BCH code is a subfield subcode of geometric Goppa code
C n(P , G) where the support of the divisor G consists of two points.
Arbarello, Comalba, Griffiths, and Harris [1] generalized the notion of the gap 
sequence at a point to the Weierstrass gap set of a pair of points on a curve. For 
Fg-rational points Pi and P2 , one defines the Weierstrass semigroup of the pair of 
points (Pi, P2) by
H (P u P2) =  {(0 1 , 0:2) G : there exists /  G F ,(A ) with ( f ) ^  =  OiPi +  o2P2} 
and the Weierstrass gap set G(Pi, P2) by
G (P i,P 2) = ^ \ t f ( P i , P 2).
The gap set of a pair of points differs from the gap set of a single point in that for 
any F9-rational point P , |G (P )| =  g, but the cardinality of the gap set of a pair of 
points |G (P i,P2)| depends on the choice of points P x and P2. Since the semigroup
13
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H (P i,P i) =  {(o:i,Q!2) £  N5 : cti 4- a2 £  H (Pi)}  depends only on H (Pi), in the 
following we assume Pi ^  P2.
We include a useful characterization of the elements o iH (P \, P2), which appears 
in [11]:
L em m a 1.14. For (au, a 2) £  N2, the following are equivalent:
( i ) (a u a 2) e H ( P l ,P 2).
(ii) 1{oliP\ 4- a 2P2) =  Z((ori — l )Pi  4- oc2P2) 4-1 =  l(a\Px 4- (ot2 — 1 )P2) 4- 1-
Proof. If (cki, oc2 )  is an element of the Weierstrass semigroup of the pair (P i,P 2), 
then there is a rational function /  with pole divisor (/)<» =  <*iPl +  oc2P2. Then
/  £  L{diP i +  ^ P z )  \  (L((o:i — l)P i +  oc2P2) U  Zr(aiPi 4- (a2 — 1)P2)).
Therefore, l{aiPi +  a2P2) >  ^((o:i — 1)Pl +  ol2P2) +  1 and l{&iPi +  a 2P2) >  
l(a iP i + (a2 — 1)P2) +  1. We also have that Z(o:iPi+a:2P2) <  /((a i —1)Pi+q:2P2) +  1 
and l(a iP i +  &2 P2 ) < l{oi\Pi +  (a2 — 1)P2) + 1 [14] which gives (ii).
Now suppose (ii) holds. Then there are rational functions
/  £  L(ociPi 4- a2P2) \  L((ai — l)P i 4- oc2P2)
and
h £  L(ociPi 4- oc2P2) \  L(oi\Pi 4- ( o l2 — 1)P2).
So ( / )  = E  — ctiPi — (a2 — s)P2 and (h) — E ' — (ql — £)Pi — a 2P2 for some 
effective divisors E  and E ' and some nonnegative integers s and t. If s is zero, then 
(/)00  =  otiPi 4- o:2P2. A similar argument holds if t  is zero. Otherwise, ( /  4- g) =  
E" — a iP i  — a 2P2 for some effective divisor E". Thus, (0:1, a 2) £  H (P\, P2). □
We will often make use of the following lemma, also from [11]:
L em m a 1.15. Let a i  >  1 . Then l(aiP i 4- a 2P2) =  l((cci — l)P i 4- a2P2) 4-1 i f  and 
only i f  there exists a , 0 <  a  < a 2, such that (<*1, a) £  H (P U P2).
14
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Proof. There is a rational function /  E L(a.\Pi +  0:2^ 2) \  L({ol\ — l)P i 4- OC2 P2 ) If 
and only if /  has polar divisor (/)<» =  <^iPl +  (<^ 2 — t)p 2 for some t, 0 < t  < a 2. 
This holds if and only if (a 1, a 2 — t) is an element of the semigroup of the pair
{Pi, Pi). □
In the next chapter, we will use the gap set of a pair of points to prove a theorem 
analogous to Theorem 1.9 for two-point codes.
15
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Chapter 2 
Main Results
2.1 Main Theorem for Codes on Arbitrary 
Curves
In. this section, we relate the Weierstrass gap set of a pair of points to the minimum 
distance of a corresponding two-point code. This result is analogous to Theorem 
1.9 of Garcia and Lax.
Throughout this section, X  will denote a smooth projective absolutely irre­
ducible curve of genus g > 1 over F?.
Suppose (011, 0:2) 6  G (P i,P 2). Then by Lemma 1.14, either l(a iP i +  a 2P2) =  
l{{o>i -  1)Pl +  (X2 P2 ) or l(ot\Pi + OL2 P2 ) =  KociPi 4- (a 2 — 1)-P2). Thus, if > 1 , 
we may assume th a t Z(a:iPi +  &2 P2 ) =  ~  l)P i +  0:2 P 2)- Note that by Lemma
1.15 this is the case exactly when (ou, a) G G{P\, P2) for all a, 0 <  a  < a 2-
T heorem  2.1. Assume (o :i,a2) G G(Pi ,P 2), >  1, and i(o 'iP 1+o:2P2) =  /((au —
l)P i+ o :2P2). Suppose (71,72  — t —1) € G (P i,P2) fo r a llt, 0 < t  < min{72 —1, 2g — 
1 — (o^ i 4*o:2)}. Set G — (0:1+ 71  — 1)Pi 4-(0:2+ 7 2  — 1)P 2> o.nd let D  — Qi -f- • • 
where the Qi are distinct ¥q-rational points, each not belonging to the support of 
G. I f  the dimension of Cn(D, G) is positive, then the minimum distance of this 
code is at least deg G — 2g +  3.
Proof Put w = deg G — 2g + 2. If there exists a codeword of weight w, then there 
exists a differential 77 G Q(G — D) with exactly w simple poles Q i , . . . ,  Qw■ We then
have (77) >  G — (Qi -I f- Qw). Hence, 2g — 2 =  deg (77) >  deg G — w = 2g — 2 .
It follows that
(77) =  G — (Qi 4 H Qu,).
16
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Since 1 (aiPx - f a 2P2) = K(a i ~  1)-Pi +<22-^ 2). by the Riemann-Roch Theorem, there 
exists a rational function
h E L{K  -  ((ax -  l)Px +  a2P2)) \L (K  -  (axPx +  a 2P2))
for any canonical divisor K  on X .  Thus, (h) =  (ax — l)Px +  a 2P2 — K + E ,  where 
E  is an effective divisor of degree 2g — 1 — (ax +  a 2) with P x not contained in its 
support. W rite E  =  E ' +  tP 2, where E ' is an effective divisor whose support does 
not contain P2 (so 0 <  £ < deg E  =  2g — 1 — (a L +  a 2)). Then we can express the 
divisor of h  as
(h) =  (ax -  l)Px +  (a2 +  £)P2 -  K  + E '.
Now
G  — (Qi  +  • • • +  Qw) — (j)) ~  i^ T ~  (ax — 1)Pl d- (^2 d- t)p2 P ' •
It follows tha t
0  7xPx -  (72 -  t  ~  1)P2 +  (Qi H H Qw) + E '.
Thus, there is a rational function /  with divisor
( /)  =  —71 Pi ~  (72 — t  — 1)P2 +  {Qi H K Qw) + E'-
If t  < 72 — 1 , then /  has pole divisor (/)oo =  7 iP i +  (72 — t — 1 )P2, contradicting 
the fact th a t (7 x, 72 — t  — 1) G G(Px, P2) - Otherwise, 72 — 1 < £ < 2 ^  — 1 — (ax+ a 2). 
Then /  has pole divisor (/)oo =  71P 1, which is a contradiction as 7 x is a gap at 
P i. □
In [16], Yang and Kumar give the exact minimum distance for one-point codes 
on Hermitian curves. We can compare two-point codes to one-point codes on the 
same curve with the same dimension. If a two-point code has minimum distance
17
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
at least tha t of a one-point code (of the same dimension), then the two-point code 
has better parameters (having shorter length). For codes on a Hermitian curve, we 
can see when Theorem 2.1 allows one to conclude that a two-point code has better 
parameters than any associated one-point code.
P ro p o s itio n  2 .2 . Consider a q2-ary two-point code C n ( D , G )  on the Hermitian 
curve y9 + y = x q+l satisfying the hypotheses of Theorem 2.1. I f  deg G  = 2g + 
q2 — aq — b — 3, 1 <  a < b < q — 1, then this two-point code has minimum  
distance at least that of the one-point code Cn(D',  m 'P ^) on the same curve with 
the same dimension as Cq{D, G ) . Also, given any number r  =  2g +  q2 — aq — b — 3, 
l < a < b < q  — 1, there is a two-point code C & (D ,G )  on this Hermitian curve 
satisfying the hypotheses of Theorem 2.1 such that the degree of the divisor G  is r.
Proof. Suppose deg G  =  2g + q2 — aq — b — 3, 1 < a < b < q — 1. Since 2g — 2 <  
deg G < n, where n is the degree of the divisor D, the dimension of Cq(D, G) is 
i(G — D) = q3 — q2 + aq + b — g +  1 . By Theorem 2.1, the minimum distance of 
Cn(D, G) is at least q2 — aq — b.
Let m' =  2q2-(a -\- l)q  — b—2. Consider the q2-ary one-point code Cn(D', m'P^f) 
on yq+ y  =  x q+l. Then C q(D \ m 'P ^)  has dimension k' =  q3 — q2-\-aq+b—g + l  and 
minimum distance d' =  q2—aq—b [16]. Therefore, Cq(D, G)  is a [q3—1, q3—q2+aq+ 
b—g+1, >  q2—aq—b] code and Cq(D', m'Poo) is a [q3, q3—q2+aq+b—g+ 1, q2—aq—b] 
code. Note that by Corollary 1 of [16], the minimum distance dr uniquely determines 
k', so there is no one-point code with minimum distance d' and dimension larger 
than k'.
The proof of the last statement is deferred to Section 2 as we will need more 
information about the structure of the gap set of a pair of points on a Hermitian 
curve to conclude this. □
18
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Note tha t the numbers 2g + q2 — aq — b — 3, 1 < a < b < q — 1, form a “triangle” 
with legs of length q — 2 :
2g +  q - 2 ,
2g +  2q — 2, 2g + 2 q -  1 ,
2g 3q — 2, 2g + 3q — 1, 2g +  3q,
20 +  ( ? - 2 ) g - 2 ,  2g + (q - 2 ) ^ - 1 ,  . . . ,  2g +  (9 -  2)g +  q -  5.
R e m a rk  2 .3 . Let Cn(D, G) be a two-point code on the curve yq + y = xq+1 over
F92 that satisfies the hypotheses of Theorem 2.1. Then, by Theorem 2.1, C&(D, G)
is a [g3 — 1 , A:, >  deg G  — 2g + 3] code, where k  denotes the dimension of the code.
Suppose Cq(D ', m/Poo) is a one-point code of dimension k on the same curve. Let
df denote the minimum distance of this one-point code. We will show that deg
G — 2g +  3 > d! only if deg G =  2g +  q2 — aq — b — 3, with l < a < b < q  — 1 , or
deg G =  2g •+- q2 — aq — 3, with 1 <  a < q — 1.
Since (£*1, 012) and (71,72  — 1) are elements of the gap set of the pair (Pi, Pz),
the degree of the divisor G satisfies
deg G =  (£*1 +  £*2) +  (71 +  72) -  2
<  (2g - 2 )  + ( 2 g - l ) - 2  
5: 2g +  q“^ — 3.
Thus, we may write the degree of G  as deg G  =  2g +  q2 — aq — b — 3 with
0 <  a, b < q — 1 . Then k =  i { G  — D )  = qz — q2 — g + aq +  b +  1. If a =  0,
then deg G  =  2g +  q2 — b — 3 >  4,g — 2 , which is not covered by Theorem 2.1. If 
l < a < 6 < g  — 1 , we have already seen in the previous proposition that C n ( D , G )  
has better param eters than any corresponding one-point code.
We are left to consider the case in which 0 < 6 < a < g  — 1, a  ^  0. Fix 
a. By [16], the  one-point code with dimension k =  q3 — q2 — g +  aq + b 4-1 is
19
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Cq(D', (q3 — q2 + aq +  6)Poo) which has minimum distance d! =  q2 — aq. Since deg 
G — 2g + 3 =  q2 — aq — b, we have that deg G — 2g -f- 3 >  d! only if b =  0. However, 
in this case, there is another one-point code Cn(Z?', (q3 — q2 + aq +  l)Poo) with 
minimum distance df and dimension greater than that of Cq(D', (q3 —q2 + aq)Pca).
2.2 Com putation of G(P\, P2) on a Hermitian 
Curve
In this section we determine the Weierstrass gap set of a pair of any two distinct 
Weierstrass points on a Hermitian curve. The Weierstrass points of the Hermitian 
curve yq -f- y  =  x9+1 over F ^  are exactly the F92-rational points [13]. We will need 
some results (Lemmas 2.4, 2.5, 2.7, and 2.8 below) of Kim [11].
L em m a 2.4. I f  (a x, a f), (cl\ , a'2) 6  H{PUP2) with a x > a[ and a 2 < a'2, then 
{au o Q ^ H { P u P2).
Proof. Since (qi, a 2) and ( a x, a 2) are elements of the semigroup of the pair (Px, P2), 
there are rational functions /  and h with (/)«> =  &1P1 +  o:2P2 and (h)oo =  olxPi +  
ol2P2. Thus,
( / )  =  E  -  attPi -  a 2P2 
and
( h )= E '
for some effective divisors E  and Ef where neither Px nor P2 is contained in the 
support of E  or in the support of E'. We may assume a x > ctx and a2 < a2; 
otherwise, we already have that (ai, a2) is an element of the semigroup. Then
( f  + h) = E " - a lP1 ~ a 2P2,
where E" is an effective divisor whose support does not contain Px or P2. Therefore, 
(ax, a 2) is an element of the semigroup of the pair (Pi, P2). □
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L em m a 2.5. I f  (ari, a 2)> (ai > 0:2) £  H (Ph  -P2) >  <*i and ct2 >  1, then there
exists an element (ax, 5) in H(Pi, P2) with 5 < a 2.
Proof. Since (<*1, af)  and (a i, 0:2) are elements of the semigroup of the pair (Pi, P2),
there are rational functions /  and h with polar divisors (/)oo =  &iPi +  &2 P2 and 
(h)00 =  aipL +  a 2p 2 - Then there is a linear combination of /  and h with polar 
divisor a iP i 4- SP2 where 5 < a2. Thus, (ai, 5) E  H (P i, P2).
Definition. 2.6 . [11] For a gap a i  at Pi, let (3Ql =  min {0:2 : (&u ^ 2) £  H (P\, P2)}-
L em m a 2.7. I f  a  1 is a gap at P i, then a i =  min {a  : (a , (3ax) £  H iP hP i)}-
Proof. Notice that {3ai > 1 since a i is a gap at P i. Suppose that (a^,(3ai) E  
H (P i, P2) for some a[ < a i. Then by Lemma 2.5 , there is an integer S < /3Ql such 
that ( a i ,6) E  H (P i ,P 2), contradicting the minimality of j3ai. □
L em m a 2.8. {j3Ql : aq E  G(Pi)} =  G(P2).
Proof. Let cci be a gap at Pi. By Lemma 2.7, (0, is not an element of the
semigroup of the pair (P i,P 2) .  So Pai is a gap at P2. Therefore {/?Ql : a i  E  
G(Pi)} C G(P2). Also by Lemma 2.7, for distinct gaps a i  and aq at Px, we have 
tha t J3ai 7^ . So the cardinality of {/3Ql : a i  E  G(Pi)} is equal to the genus
g, which is the cardinality of the gap set of the point P2. Therefore, we have 
{/?ai : a i E G ( P i ) }  =  G(P2). □
Keeping this notation, we have
T h eo rem  2.9. For any two distinct Weierstrass points P i and P2 on the Hermi­
tian curve yq 4- y  =  x q+l over Fq2 ,
= (q — t — 1) (q 4- 1) 4- j
fo r  1 < j  < t  < q — 1 .
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Proof. Let P x =  Poo be the common zero of x  and y  and P2 =  Poo be the point at 
infinity. The divisors of x  and y  are given by
(*) =  P°f* ~  qP°° and (V) =  0? +  l)(Poo -  Poo)-
0 q+0 =O
It is well known that the gap sequence at Pi (and at P2) [13] is
1 2 . . .  q - 2 9 - 1
(? +  !) +  !  (? +  1) +  2 . . .  (q +  1) +  (q — 2)
i : ••• (2 .1)
Oz _  3)(g +  l)  +  l  (q — 3)(9  +  l ) + 2  
(9 - 2)(9  +  l)  +  l.
Consider the diagonals in (2 .1) running from the bottom left to the upper right 
(i.e. in the direction of /* ). Label these diagonals from 1 to q — 1 starting at 
the upper left corner. Label the columns (resp. rows) of (2 .1) from left to right 
(resp. top to bottom) starting with 1 . Then, for a fixed t, 1 <  j  < t < q — 1 , 
(t — j)(q  +  1) + j  is the number on the t th diagonal in the j th column.
For l < j < t < q  — l,
(~t_J+r)oo =  ((*-j)(q + 1) + j ) P i  + i)(g  + 1 )  +  j)P 2-
Therefore, ((t — j)(q  +  1) 4- j ,  (q — t  — l)(g +  1) +  j)  G Ff(Pi, Pi)- To see that 
this gives the {3Ql as claimed, start with t  =  q — 1 and 1 <  j  < q — 1. This gives 
((? -  1 -  j)  (q + 1 ) +  i , j )  e  H {P i, P2) for 1 <  j  < q -  1. Hence, /?(9_1_i)(<7+1)+i =  j  
for 1 <  j  < q — 1 , which gives @ai for all gaps ai at Pi on the (q — l ) th diagonal 
in (2.1). Now let t = q -  2 and 1 <  j  < q — 2 to get P ^ 2~j)(q+i)+j = {q +  1) +  3  
for 1 <  j  < q — 2 (which gives j3ai for all gaps a x a t Pi on the (q — 2)th diagonal 
of (2.1)). Continuing in this manner, when t = q — i  and 1 < j  < q — i, we get 
/?(,_i_j)(e+i)+j =  (i — 1) (9 4- l) +  j  for 1 <  j  < q — i  (which gives /?Ql for all
22
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gaps c*i a t P i on the (g — i) th diagonal of (2 .1)). Finally, when t  = j  =  1, we get 
=  (g — 2)(g 4 - 1) -1-1 =  2 g — 1 and the theorem holds for PL =  Poo and P2 =  Px . 
Suppose P i =  Pa& with (a, b) ^  (0,0) and P 2 =  Poo- There exists an automor­
phism cp of the curve that fixes Poo and sends Pab to Poo [15]. Then we can use the 
rational function y~?-/yr ° ^ t o  compute the (3ai as before.
Now suppose Pi =  Pab and P2 =  P d, where (a, b) 7  ^ (c,d). There exists an 
automorphism cp th a t leaves Pab fixed and sends P d  to Poo (namely, the compo­
sition ipi o ip2l where v?2 is an automorphism that sends P d  to P ^  and is an 
automorphism th a t takes g?2(Pa&) to Pab and fixes Poo) [15]. Then, as before, we 
get a rational function that gives rise to the fiQl. □
To see what Theorem 2.9 means in terms of (2.1), we do the following. Make a 
new list (2 .2) where the entry in the j th column of row i  of (2 .1) is the entry in the 
j th column and {q — i)th diagonal of (2 .2):
( g - 2)(g +  l )  +  l  ( g - 3)(g +  l )  +  2 
( g _ 3)(g +  l )  +  l  ( g - 4)(g +  l ) + 2
(g +  1) +  1 2
1
(g +  1) +  (g — 2) g — 1 
g — 2
(2 .2)
Note that the (q — i)th diagonal of (2.2) is the i th row of (2 .1). Now under each gap 
a i  at Pi we want to write /?Ql. To do this, beginning with row 1 , write the ith row
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of (2 .2) directly beneath the i*A row of (2 .1):
1 2 . . .  q — 2 g — 1
( g - 2)(g +  l)  +  l  ( g _ 3)(g +  l ) + 2  . . .  (g +  l) +  ( q - 2) q - 1
(<1 +  1) +  1 (q +  1) +  2 . . .  (g 4- 1) +  (q — 2)
( ? ~  3)(g +  l)  +  l  (g — 4)(g +  l ) + 2  . . .  q — 2
(? — 3)(g +  1) +  1 (<? — 3) (<7+l) + 2  
(^ +  1) +  1 2
(9 - 2 ) ( g  +  l)  +  l  
1
(2.3)
Thus, if a i  is on the t th diagonal in the j th column of (2 .1), i.e. o:i =  ( t—j) (q + l)+ j,  
then f3Ql is the number in (2 .1) on the (q — t + j  — l ) t/l diagonal in the j th column.
We can now prove the last statement of Propostion 2.2.
Proof. Let r  =  2g+q2 —aq—b—3, 1 <  a < b < q—1. Take (a i, a 2) =  (1,2g—2) and 
(71, 72) =  (1 ,q 2 — aq — b — 1) in Theorem 2.1. By Theorem 2.9, Pi = 2 g — 1. Then 
(1 ,2g—2), (1, 72—t —1) G G(Pi, P2) for all t less than q2 —aq—b since q2 —aq—b~  1 <  
2g—2. By Lemma 1.14 together with Lemma 1.15, l(P i+ (2 g—2)P2) =  l((2g—2)P2). 
Thus, the hypotheses of Theorem 2.1 are satisfied. □
Knowing pai for each gap at Pi allows us to compute [<?(Pi,P2)| for any 
two distinct Weierstrass points Pi and P2 on a Hermitian curve. We will use the 
following result of Homma [10]:
24
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L em m a 2.10. Let Pi and P2 be any two distinct points on a smooth curve of 
genus g > 1. Then
| G ( A , f t ) l =  Y .  “ 1 +  J Z  ^ - r t P L P j ) ,
ai€G (Pi) Q2£G(P2)
where r(P u P2) =  KCai.ai') 6  G(P t ) 2 : an <  an ' and 0 ai > (3aA \-
T h eo rem  2 .1 1 . For any two distinct Weierstrass points Pi and P2 on the Her­
mitian curve y q + y  =  xq+l over F g 2 ,
P2)l =  j j ( 3 s 3 -  V  +  3? -  2).
Proof. The sum of all the gaps at Pi (equivalently, the sum of all the gaps at P2) 
is
1)(^ +  1) + 3
Q i£ G (P i)  4=1 j = 1
4=1
=  ^(g4 - q z - q 2 +  ?).
Next we compute r(P i,P2). Fix l < j < t < q  — 1. We need to count all pairs
(if, f )  with 1 <  j '  < t' < q — 1 such that
(* “  3) (? +  1) +  3 < (*' -  f )  (? +  ! ) +  f  (2-4)
and
P { t - j K q + l ) + j  >  P ( t ' - j ' K q + l ) + j '  ■
Note that /?(£_iK<?+1)+i > P{t,_f]iq+i)+f if and only if
( i f - t ) ( q  +  l ) > j '  - j .  (2-5)
First consider the case t  =  if. Since (if — t)(q + 1) = 0 ,  in order to satisfy (2.5), we
must have j  > j '. It is easy to see that all pairs w ith t  =  t ' and j  > f  satisfy both
(2.4) and (2.5) and there are t  — j  such pairs.
25
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Now suppose t > i f .  Then (i/—t)(q+ 1) <  0. Hence, to satisfy (2.5), j '  must satisfy 
j '  < j .  However, j ' —j  > —q + 2  (since 1 <  j , j '  < q —1) and {If—t)(q + l)  < —q2—q 
(since 1 <  t, f  < q — 1) imply tha t (2.5) fails.
The only case left to consider is f  > t. Here, (2.5) always holds since j '  — j  < 
q — 2 < — t)(q + 1 ). If j 1 < j ,  then tq + t — jq  < tfq -\-1f  — j 'q  and so (2.4) holds.
If f  >  j , then (2.4) holds only in the case t — j  < f  — j '.  The number of pairs with 
f  > t  satisfying (2.4) and (2.5) is Yli=t+i i — (t — j)(q  — 1 —t).
Thus,
Actually, Theorem 2.9 enables us to do more than just find the cardinality of 
(7(Pi,P2). It allows us to determine the set G{P\, P2). Let S  =  { (ai,ar2) £  No : 
a i  + o r 2 < 2^ — 1}. It follows from Lemma 1.14 that (?(Pi, P2) Q S . In the following
9 - 1  £ 9 - 1
r(Pu Pi) =  £  -  j  +  i ~  if -  M l  -  1 -  *))
£=1 j - l  i = t + l
9 - 1  £ q ( q - l )  t ( t+  1)
2 2
-  tq + 1  + t 2 + jq  — j  — j t
£=1 j = 1
|  — tq +  2£ + 12 + jq  — 2  j  -  j t
Therefore,
|g (p 1, p 2) | =  ] T  “ » +  £  “ s - ' - ( A . a )
QiSG(-Pi) Q2€G(P2)
=  ^ (?4 - q 3 - q 2 + q )~  j^ (q 3 - 7 q  + 6 ) 
= j - ( Z q4 - 4 q* + 3q2 - 2 q ) .  □
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we will use the interval notation [a, b] to mean {c E  N0 : a < c < b }  and [a, 6] x [s, t] 
to denote {(z, j )  E N02 ' - a .< i < b , s < j  < £}.
Consider q — 1 E  G{P{). By Theorem 2.9, /3q- X =  q — 1. Since (0, q), (0, q +  1) E  
H (P X, P2 ), we can apply Lemma 2.4 to get that (q — 1, g), (q — 1, g+1) E  -ff (Pi, Pz)- 
Similarly, (q, <7 — 1), (g -+- 1, q — 1) E  H (P X, P2). Another application of Lemma 2.4 
gives (g, g), (g, q +  1), (g +  1, g), (q +  1 , q -f- 1) E  H (P X, P2). Thus, we get a block 
B q- i  = [q — 1 , q +  1] x  [q — 1, q +  1] of elements of H {P X, P2).
Now consider q — 2 E  G(Pi). Recall that (3q - 2  =  2g — 1. Now since B q- X C  
H{PX, P2) and (g -  2 ,2g -  1), (0 ,2g), (0 ,2g +  1), (0, 2g +  2) E  H(PXl P2), applying 
Lemma 2.4 gives that [g — 2, g +  1] x [2g — 1 ,2g +  2] C  H (P X, P2), a 4 x  4 block 
P 9_ 2 of elements of H (P X, P2).
Continuing in this manner, each gap au =  q — i, 1 <  i < q — 3, at P i gives an 
(i +  2) x  (i +  2) block B ai of elements of H (P X, P2).
Now consider 2 E  (^(Pi). From Theorem 2.9, /?2 =  g2 — 2g — 1. Applying Lemma 
2.4 as before gives a “triangle” B 2 consisting of elements of H(PX, P2) fl S.
As fix =  2g — 1 and (1 , 2 g — 1) ^  5, we do not need to consider (3X.
We can continue this process, considering (3ai for each gap a i at Pi not in the 
first column of (2.1). For a x = (t — j)(q  +  1) +  j  E  G{PX), 3 < j  < t  < q — 1, 
we will get a block B ai C S  of elements of the Weierstrass semigroup of the pair 
(P i,P 2). For a x =  (t — 2)(g +  l) +  2 E  G(PX), 2 <  t  < q — 1, we will get a “triangle” 
B ai Q S  consisting of sfcLl elements of H (P Xl P2). Then, by definition of /?Ql and 
by Lemma 2.7, all elements of S' fl N2 which are not in B ai for some c*i E  G(PX) 
are the elements of the Weierstrass gap set G{PX, P2) of the pair (Pi, P2).
Theorem . 2.12. Let Px and P2 be any two distinct Weierstrass points on the Her­
mitian curve yq +  y = x q+ 1  over F92 . Then the Weierstrass gap set of the pair
27
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(P1}P2) isG (P u P2) =
5 \ [ ( F ( P 1)x{0})U ({0}xfT(P2))U{J5Ql : a* =  2 <  j  < t < q-1}].
R e m a rk  2.13. Note that the computation of the /?Ql is independent of the par­
ticular choice of Weierstrass points P i and P2  on the Hermitian curve and, thus, 
so is the set G{P\, P2).
E xam ple  2.14. Consider y8 +  y  =  x 9 over F ^ . The genus of this curve is 28. Let 
P l =  Poo and P2 = P0Q. We use Theorem 2.9 to determine {3ai for all gaps r*i at 
P i and as in (2.3), write 0Ql directly beneath au:
1 2 3 4 5 6
55 47 39 31 23 15
10 11 12 13 14 15
46 38 30 22 14 6
19 20 21 22 23
37 29 21 13 5
28 29 30 31
28 20 12 4
37 38 39
19 11 3
46 47
10 2
55
1
Next, we apply Lemma 2.4 to find the blocks and “triangles” B ai for c*i in the 
first row of (2 .6): B 7  =  [7,9] x  [7,9], B 6 =  [6,9] x [15,18], B s =  [5,9] x  [23,27], 
P 4 =  [4,9] x [31,36], B 3 =  [3,9] x  [39,45], and B 2 is the “triangle” with vertices 
(2,47), (8,47), and (2,53). Next, we do this for the gaps at P i in the second row 
of (2.6): P h  =  [14,18] x [14,18], B i3 =  [13,18] x [22,27], B l2  =  [12,18] x [30,36],
28
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and 23u  is the “triangle” with vertices (11,38), (17,38), and (11,44). Continuing, 
B 2i =  [21,27] x  [21,27] and B 2Q is the “triangle” with vertices (20,29), (26,29), 
and (20,35). By symmetry, we determine B l5, B 23, B u , £ 39, B i7, B22, B 30, B38, 
and B 2 9 -
:
50
  ill 111 HI
10 «» Hill l l l l '
*10 r *20 " "  3 0 .......  40  ’ ' 5 0 ' '  ‘ ‘
Figure 1 
H{Pu P2 ) f \ T 2
Let T  denote the set of all non-negative integers less than 2^+1. Figure 1 depicts 
H (P i , P2) n  T 2. The line segment in Figure 1 is given by x  +  y =  56. All pairs on 
this line segment as well as those to the right of or above the line segment are 
elements of the Weierstrass semigroup H (Pi, P2) by Lemma 1.14. The Weierstrass 
gap set G(Pi, P2) is the complement of the set H {P \ , P2) n  T 2 in T 2.
2.3 Results for Codes on Hermitian Curves
Because much is known about Hermitian curves, placing further restrictions on the 
Weierstrass gap set of a pair may allow one to improve the bound given in Theorem 
2.1. Throughout this section, let X  denote the Hermitian curve yq + y =  rr9+1 over
29
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F92 . Recall from the previous section that the Weierstrass gap set of a pair of 
Weierstrass points on X  does not depend on the particular points chosen.
T h eo rem  2 .15 . Consider Cn(D , G) on X  with G =  (ori. + 71—1) Pi 4-(a 2 + 72—1) P2 
and D  =  Qi 4 - • - • 4- Qn, where Pi and Pi are ¥ q2 -rational points and the Qi 
are distinct F92 -rational points, each not belonging to the support of G. Suppose 
(a i ,a 2) G G (P i,P i), ax > 1, and l(ociPi 4- a 2 P2) =  1((qi -  1 )Pi 4- a 2P2). Also 
assume (71, 7 2 —f - 1 ) ,  (71 +  1 ,7 2 -4 -1 ) ,  (7 i + ? 4- l , 72 - i - l ) ,  (71, 72) €  G (P i,P 2) 
fo r all t, 0 <  t  <  min{7 2 — 1 ,2g — 1 — (ori 4- oc2)}. I f  the dimension of this code is 
positive, then the minimum distance is at least deg G — 2 g 4- 4.
Proof. Assume P i =  P ^ . By Theorem 2.1, the minimum distance of C&{D, G) is 
at least deg G — 2 g +  3. Put w =  deg G — 2g +  3. If there exists a codeword of 
weight w, then there exists a differential 77 G fl(G — D) with exactly w simple
poles Q i , . . . ,  Q w. We have (77) >  G — (Qi H f- Qw). Since 2 g — 2 =  deg (77) =
deg G — w +  1,
(77) =  G — (Qi H H Qw) + A,
where A  is an F?2-rational point, A  ^  Qi for 1 < i  < w. Since l(ociPi 4 - ol2 P2) =  
l((a  1 — l)P i 4- oc2 P2), there exists a rational function h with divisor
(h) =  (a i — l)P i 4- (a2 4- t)P2 — K  + E,
where E  is an effective divisor whose support does not contain P L or P2 and 
Q < t  < 2g — 1 — (ari -I- a2). Then
G — (Q i 4- • • • +  Qw) 4- A  — (77) ~  K  ~  (ari — l)P i 4- (a2 4- t)P 2 + E  
implies that there exists a rational function /  with divisor
( / )  =  —71 P i — (72 — t  — 1)Pj — A  4- (Qi H h Qw) 4- E.
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First, assume that f <  72 — 1. If A is in the support of E, then (/)oo =  7 iP i +  
(72 — £ — 1)P2, contradicting (71,72  — £ — 1) G G(PU P2). If A =  Pu then (/)00  =  
(71 +  1)A  +  (72 —t — 1 )P2, contradicting (7 ! 4-1,72  — £ — 1) G G(Pi, P2). Similarly, 
A ^  P2, since otherwise (71,72  — £) G H{Pi, P2). Thus, A =  Qj for some j ,  
tu 4-1 <  j  < n. Let /  denote the rational function on X  with divisor ( / )  =  
(q 4- l)Q j — (q 4- l)P i- Then (//)<» =  (71 +  9 +  1)-Pi +  (72 — t  — I)P2, contradicting 
the fact that (71 4~ q d- 1,72 — t  — 1) ^  G (Pi7 P"i)-
Now suppose 72 — I < t < 2g — 1 — (a i 4- 0:2). If A is in the support of E  or 
A =  P2, then (/)oo =  TiPi- If A =  P i, then (/)oo =  (71 +  l)Pi- Either case gives 
a contradiction as 71 and 71 4-1 axe gaps at P i. Therefore, A =  Qj for some j ,  
w 4-1 <  j  < n .  Then (//)oo =  (71 +  Q 4- l)P i, contradicting the fact that 7 1 4- q 4-1 
is a gap at Pt . This concludes the proof for the case Pi =  P ^ .
If Pi 7^  Poo, apply an automorphism <p of X  such that <p(Pi) =  Poo [15]. Let P2 — 
(p{P2)- Note that P2 is again a Weierstrass point. Then from the computations in 
the last section, G(Pi,P2) =  G(POQ7 P2 ), and so the proof reduces to the case 
above. □
P ro p o s itio n  2.16. Consider a q2-ary code Cq(D, G) on X  satisfying the hypothe­
ses of Theorem 2.15. I f  deg G = 2g + q2 — aq — b — 3, 2 < a < b < q  — 1, then 
the two-point code Cq(D, G) has shorter length and greater minimum distance 
than that of the one-point code Cq(D', m 'P ^) on X  with the same dimension as 
Cn{D, G). Furthermore, given any number of the form r = 2 g +  q2 — aq — b — 3, 
2 < a < b < q — 1 , there is a two-point code Cn(D, G) on X  satisfying the hypothe­
ses of Theorem 2.15 such that the degree of the divisor G is r.
Proof. If deg G = 2g + q2 — aq — b — 3, 2 < a < b < q  — 1, then Cq(D, G) has 
dimension k  =  q3 — q2 + aq + b — g +  1 and minimum distance at least deg G —
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2g +  4 =  q2 — aq — 6 +  1. From [16], the one-point code on X  with dimension k  is 
Cn(D', (2q2 — (a + l)q  — b — 2)P00) which is a [q3 ,q 3 —q2 + aq + b—g + l ,q 2 — aq — b] 
code.
Let r  = 2g + q2 — aq — b — 3, 2 < a < b  < q  — 1 . Take (ax, a 2) =  (1 ,2 g — 2) and 
(TijT2) =  (1 ,q2 — aq — b — 1) in Theorem 2.15. From (2.1), each of the numbers 
1, 2, and q + 2 are gaps at Pi. By Theorem 2.9, Pi = 2 g — 1. It follows that 
(1 , 2 g — I), (1, q2 — aq — b — 2) £  C?(Pi, P2). Also by Theorem 2.9, /?2 =  q2 — 2 q — 1 
and Pq+ 2  = q2 — 2q — 2 . Thus (2 , q2 — aq — b — 2), (q +  2 , q2 — aq — 6 — 2) £  G(Pl, P2) 
as q2 — aq — b — 2 <  q2 — 2 q — b — 2  < q2 — 2q — 2. So the hypotheses of Theorem
2.15 are satisfied. □
Note that the numbers 2 g + q2 — aq — b — 3, 2 < a < b < q — 1, form a “triangle” 
with legs of length q — 3. This triangle can be formed from the one following 
Proposition 2.2 by removing the last line.
R e m a rk  2.17. Let C n (D ,  G) be a two-point code on X  satisfying the hypotheses 
of Theorem 2.15. As in Remark 2.3, write the degree of G as deg G =  2g -1- q2 — 
aq — 6 — 3 with 0 <  a, b < q -  1. Since (a i, a 2), ( t i  +  g +  1,72  — 1) £ G (Pi, P2), 
deg G  <  4<7 — q — 5. If 0 <  a <  1, then G does not satisfy the hypotheses of 
Theorem 2.15 as deg G > 2g + q2 — q — b — 3 > 4g — q — 2. By Proposition 2.16, if 
2 < a < b  < q — 1 , then C n(D ,  G) has better parameters than the one-point code 
on X  of the same dimension.
This leaves the case in which 0 <  b < a < q — 1, a ^  0, 1, to consider. Fix a. 
Then the dimension of Cn(D, G) is h = q3 — q2 — g + aq + b + 1. Each one-point 
code of dimension k is of the form Cn(D', (q3 — q2 + aq +  6)Poo) and has minimum 
distance d' = q2 — aq — 1 . Thus, deg G — 2g + 4 > d' only if b =  0 ,1 ,2 . In each of
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these cases, there is another one-point code with minimum distance d! and greater 
dimension.
Using the fact tha t there are no places of the Hermitian function field of degree 
two over F92 [6] and placing further restrictions on the gap set G(P\, P2) allows 
one to increase once more the lower bound on the minimum distance of the corre­
sponding two-point code.
T h eo rem  2.18. Consider Cn(D ,G ) o n X  w ith G =  (a i+ 71—1)Pi+(c*2+ 72—l)-^  
and D  =  Qi +  ■ ■ • +  Qn, where P i and P2 are F?2 -rational points and the Qi 
are distinct F?2 -rational points, each not belonging to the support of G. Suppose 
(cci, o:2) G G(Pi, P2), chi P  1, and l(ociPi +  CX2 P2 ) = l((a  1 — 1)-Pi P&zP?)- Also 
assume that ( j u j 2 - t  — 1), (71,72), (7i> 72 + 1 ) , (71 +  U 72 - 1 - 1), (71 + 1,72), (71 +  
2 ,72 ~  * -  1), (71 +  Q +  U 72 -  * -  1), (71 +  q +  1,72), (71 +  9 +  2 , 72 -  £ -  1), (71 +  
2 q +  2 , 72 — £ — 1) G G(Pl, P2) for all t, 0 <  £ <  min{72 — 1 , 2 g — 1 — (ax +  0 :2)}- I f  
the dimension o f Cn(D ,G ) is positive, then the minimum distance is at least deg 
G  — 2 g -f- 5.
Proof. By Theorem 2.15, the minimum distance of Cn(D, G) is at least deg G — 
2*7+4. Put w  =  deg G — 2*7+4. If there is a codeword of weight w, then there exists
a differential 77 G fl(G  — D) with divisor (77) =  G — (Qi -1------ 1-Q w) +  A, where A  is
an effective divisor of degree two over F92 whose support does not contain Qi for 
1 <  i < w. Note tha t there are no places of the Hermitian function field of degree 
two over F9a. Thus A  = 2P x, 2P2, Px +  P2, Pi +  Qi, P2 +  Qi: 2Q{, or Qi +  Qj where 
w  +  1 <  i, j  < n. Using that
0 ~  —71-Pi — (72 — £ — 1)P2 — A +  (Qi -I 1- Qw) +  E ,
where E  is an effective divisor whose support does not contain Pi or P2 and 
0 < £ < 2 <7— 1 — (a i +  a 2), and the hypotheses about the gap set of the pair, each
33
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possible choice of A  can be ruled out. Therefore, the minimum distance is at least 
deg G — 2 g +  5. □
P ro p o s itio n  2.19. Consider a q2-ary code Cn(D, G) on X  satisfying the hypothe­
ses of Theorem f.5 . I f  deg G  =  2g-\-q2 —aq—b—3, 3 < a < b < q — 1, then the two- 
point code Cq(D, G) has shorter length and greater minimum distance than that 
of the one-point code Cq(D', m'Poo) on X  with the same dimension as Cq(D, G). 
Furthermore, given any number r  = 2g + q2 — aq — b — 3, S < a < b < q  — 1, there 
is a two-point code Cn(D, G) on X  as in Theorem 2.18 such that the degree of the 
divisor G is r.
R e m a rk  2.20. Let Cq(D, G) be a two-point code on X  of dimension k  that sat­
isfies the hypotheses of Theorem 2.18. Theorem 2.18 allows one to conclude that 
the two-point code has better parameters than any one-point code on X  with di­
mension k only if deg G  =  2 g +  q2 — aq — b — 3 where 3 < a < b < q  — l o r  
1 <  a < q — 1 and 0 <  6 <  3.
2.4 Examples
E x am p le  2.21. Let X  be the hyperelliptic curve of genus 2 over Fi6 defined by 
y 2 + y = x 5 + 1 . This curve has 33 Fi6-rational points and 14 Weierstrass points. 
Let Pi be any non-Weierstrass Fi6-rational point on X  and P<i be the point at 
infinity (on the normalization of X ). Then the gap sequence at P i is 1 , 2 and the 
gap sequence at P2 is 1,3. By Lemmas 2.7 and 2.8, the Weierstrass gap set of the 
pair (P i,P 2) is
G{PU P2) =  {(0 , 1), (0 ,3), (1, 0 ), (1, 1), (1, 2), (2 , 1)}.
Now let (<*!, 0:2) =  {1 , 2 ) , ^ ,  i f )  =  (1,3), and G = (q:i+7 i - 1)-Pi+(«2+T2- 1)P2 =  
P i +  4P2. By Lemma 1.15, l(Pi +  2P2) =  f(2P2). Note that (71,72 — 1) =  (1,2) 6
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<7(Pi,P2)- Then by Theorem 2.1, the minimum distance d of the two-point code 
Cn(D, G) is at least 4. This code has dimension 27. From the Hamming bound, 
d < 4. Thus, Cn(D, G) is a [31,27,4] code. The one-point code Cn(D', 6Poo) on X  
is a [32,27,4] code [12].
The next example illustrates the proof of Theorem 2.18.
E xam ple  2.22. Let X  denote the Hermitian curve y8+ y  =  x 9 over F64, Pi =  Poo, 
and P2 =  Poo- Then X  has genus g =  28. Let (au, <22) =  (1,54), (71, 72) =  (7,29), 
and G  =  (au 4- 71 — 1)Pl +  (0:2 +  72 — 1)P2 =  7Pi +  82P2. Let D  be the sum of the 
remaining 511 F64-rational points. In Section 2 of Chapter 2 we determined the 
Weierstrass gap set of the pair (P i,P 2). Using this, together with Lemma 1.15, we 
can see that Z(Pi +  54P2) =  f(54P2). By Theorem 2.15, the minimum distance of 
Cn(D, G) is at least 37.
Suppose that the minimum distance is 37. Then there exists a rational differential 
77 with 37 simple poles and zero divisor
(7)0 = G + B,
where B  is of degree 2 . Since the Hermitian curve over F92 has no places of degree 
2 (by [6]), B  must be the sum of two (not necessarily distinct) -rational points. 
The differential dx has divisor (dx) =  54P2.
Consider the rational function The polar divisor of ( ^ )  must be one of the 
following:
(1) 9Pt +  28P2 if B  =  2Pi
(2) 7Pl +  30P2 if B  = 2Po
(3) 8P 1 +  29P2 if B  = Pi +  P2
(4) 7Pi +  28P2 +  2Pab if B  =  2Pab
(5) 7Pi -f- 28P2 +  P a b  4“ P c d  if S  = P a b  +  P c d ,
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where Pab and Pcd are distinct F64-rational points other than  Poo and P<x>. The first 
three are ruled out since (9,28), (7,30), and (8,29) are vuGPy, P2). Assume (4) 
holds. Then multiply ^  by the rational function y — b with divisor (y — b) =  9Pab — 
9 P2 - This gives a rational function with polar divisor 7PX +  37P2, contradicting 
the fact that (7,37) E G (Pi, P 2). In this case (5), multiply ^  by the rational 
function (y — b)(y — d). We get a rational function w ith polar divisor 7P x +  46P2, 
a contradiction.
Thus the code Cn(D, 7PX+82P2) has minimum distance a t legist deg G —2g+b =  
38. The dimension of C&(D, G) is i(G —D ) =  449. So Czi(D, G) is a  [511,449, >  38] 
code while the one point code on X  with dimension 449 is a [512,449,36] code 
according to [16].
E xam ple  2.23. Let X  denote the Hermitian curve y 4 +  y  =  x 5 of genus g =  6 
over Fi6, P i =  Poo, and P2 =  Poo- Figure 2 depicts H (P \, P2) n T 2, where T  denotes 
the set of non-negative integers less than 2 g + 1 .
12
1 1
10
4 -
Figure 2 
i7 (P x,P 2) n T 2 
The line segment in Figure 2 is given by x  +  y  =  12.
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Let (a i ,a 2) =  (6,5), (71, 72) =  (3,2), and G  =  ( a i+ 7 i - l ) P i  +  (a2+ 72 - l) -P 2 =  
8 P1 +  6P2. Let D  be the sum of the remaining 63 F16-rational points. Note that 
(6 , a) €  G(Pi, P2) for all a , 0 <  a  <  5, and (3,1), (4 ,1), (8 ,1), (3,2) G G(PU P2). 
Thus by Lemma 1.14, l(6 Pi 4-5P2) =  I(5Pi -F 5P2). So the hypotheses of Theorem
2.15 hold and the minimum distance d of Cq(D, G) is a t least 6 . From Example 
1.12, d is a t most 7.
The dimension of C n (D ,  G)  is i { G —D )  =  54. So C&{D, G)  is a [63,54,6 <  d  < 7] 
code. From [16], the one-point code on X  with dimension 54 is C q (D',  15P2) which 
is a [64,54,5] code.
This example also shows th a t the two-point code C n ( D , G )  is not a punctured 
one-point code as there is no one-point code on X  with dimension 54 or greater 
and minimum distance at least 6 (according to [16]).
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Chapter 3 
ra-point Codes
3.1 Results for ra-point Codes
In this section, we consider codes Cn{D, G) where the support of G consists of m 
distinct F9-rational points. Note that when m  =  1 (resp. 2) and the divisor D  is 
the sum of all F9-rational points on the curve other than those in the support of 
G, the code Cn(D,G ) is a one-point (resp. two-point) code.
Throughout this section, we assume tha t X  is a smooth projective absolutely 
irreducible curve of genus g > 1 over F9.
D efin ition  3.1. If G =  for distinct F9-rational points P i , . . . ,  Pm, o t- E
N for all i, 1  < i < m, and D  is the sum of the remaining F9-rational points on X , 
we call C l(D ,G ) and C n(D ,G ) m-point codes.
We will see that the minimum distance of an m-point code is related to the 
gap set of an m-tuple of points on X .  The gap set of an m-tuple for m  > 3 was 
introduced by Ballico and Kim [2] and is defined similarly to the gap set of a 
pair of points. Let P i , . . . ,  Pm be distinct F9-rational points on X .  One defines the 
Weierstrass semigroup of the m-tuple ( P i , . . . ,  Pm) by H ( P i , P m) =
771
{ (a i,. . . ,  am) E NJ1 : there exists /  E F?[x] with (/)« , =  ^  ociPi}
i=i
and the Weierstrass gap set G (Pi, . . . ,  Pm) by
G ( P i , . . . ,P m) =  ^ \ i 7 ( P i , . . . , P m).
There are results that hold for the gap set of an m-tuple of points that are analagous 
to those concerning the gap set of a pair of points [2]. In particular, we have the 
following lemma.
38
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
L em m a  3.2. For (ari,. . . ,  a m) G N171, the following are equivalent:
(i) (oci, . . . ,  arm) G G(P i , . . . ,  Pn) -
fa ) K Y ,lL ia ip i) =  l ((aj -  t fP j  +  YZLi,i& a ip i) f ° r  som eo>
Each of the main theorems in Chapter 2 can also be generalized. We will use 
the following notation. Let ej- =  (0 , . . . ,  1, . . . ,  0) denote the m-tuple whose only 
nonzero coordinate is a 1 in the j th place. For an m -tuple 7  =  (71, . . . ,  j m) €  NJ1, 
let 7 =  ( t i ,  72 — ^ 2 — !>*••> Tm—tm — 1) where the tj  are nonnegative integers. 
The proof of the following result is similar to  the proof of Theorem 2.1.
T h eo rem  3.3. Assume  (ari,. . . ,  arm) is an element o f G (P i, . . . ,  Pm), ari >  1 , and
l (52u= 1 a ip i) — K(a i -  l )p i + YliLi a ip i)- Suppose 7 ,- — 1 >  2 g -  1 -  a i for  
all j ,  2 <  j  < m , and 7 £ G(Pi, • • •, p m) fo r all nonnegative integers tj with
0 5; U < %9 — I — X)2:i a i - Set G =  Y ^L i(a i +  7* ~  ^)pi am^ D be a
sum of n distinct Fq -rational points, each not contained in the support of G. I f  the 
dimension of C q(D ,G ) is positive, then the minimum distance of this code is at 
least deg G — 2 g 4 - 3.
Now, let X  denote the Hermitian curve yq + y = x q+l over F92. We include two 
results concerning m -point codes on X  that are analagous to Theorems 2.15 and 
2.18, and tha t can be proved in a similar manner.
T h eo rem  3.4. Consider the code C n(D ,G ) on X ,  where G =  +  7* —
l)P i, Pi =  Pqo is the point at infinity, Pi Pj fo r  i  7  ^ j ,  and D is a sum of n  
distinct F?2 -rational points not in the support of G. Assume that (ari,. . . ,  arm) G 
G(Pu . . . , P m), a i  >  1, and liY ^ ili a ip i) = K(a i ~  1)-Pi +  <*ip i)- Suppose
7 j  -  1 >  2<7 — 1 — a i fo r all j ,  2 <  j  < m , and tm +  e},
7 t2, +  (? +  l)e! €  G (P i, . . . ,  Pm) for all j .  1  < j  < m , and for all nonnegative
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integers tj with 0 <  Y^iLz — ^ 9  ~  1 — a*- V  the dimension of Cn(D, G) is
positive, then the minimum distance of this code is at least deg (7 — 2g + 4.
T h eo re m  3.5. Consider the code Cn(D, G) on X ,  where G =  (<*, + 7 i — 1) Pf,
Pi =  Pqo is the point at infinity, Pi ^  Pj for i ^  j ,  and D is a sum o fn  distinct Fg2 - 
rational points not in the support ofG . Assume that (c*i,. . . ,  am) G G (Pi, . . . ,  Pm), 
a i >  1 , and l(YZLi a ip i) = K(a i -  l)P i +  D i=2 aip i)- Suppose j j  — 1 >  2 g -  1  —
Y%Li<Xi far all j , 2  < j < m ,  and %  tm, 7 t2,...,tm+e}, Jt2,...,tm+ 2 ej,
1 12 tm +  (? +  l)e l, 7 +  (9 +  l)e"i +  d}, 7 i2t„.,tm +  2(q +  l)el G G{P1, . . . ,  Pm)
fo r  all i and j  with 1 <  i, j  < m, and for all nonnegative integers tj with 0 <  
YliL2 U < 2g — 1  — a i- V  the dimension of Cq(D, G) is positive, then the 
minimum distance of this code is at least degG — 2g + 5.
We include the next example to illustrate Theorem 3.4 in the case of a three- 
point code. Here, we use the Macaulay 2 tutorial on divisors written by D. Eisenbud 
and M. Stillman [7] in order to compute the dimensions of several divisors.
E x am p le  3.6. Consider y 4 + y = x 5 over Fi6. Let Pi =  Poo, P2 =  Poo, and 
P3 =  Poi- Let (ax, a 2, a 3) =  (1 ,9 ,0) and (7 X, 72, 73) =  (2 , 2 , 2). Set G = J2i=i(Qi +  
7 i — 1)P,- =  2Px -f IOP2 +  P3 and let D  be the sum of the remaining Fx6-rational 
points. By Proposition 1.5, the minimum distance d of Cn(D, G) is at least 3.
If there is a codeword of weight 3, then there is a differential tj with divisor (77) =  
G —{Qi+Q2 +Qz) where Qi, Q2, and Q3 are distinct points contained in the support 
of D. By Remark 2.13 and Figure 2 , (1,9) is in the gap set of any pair of Weierstrass 
points on this curve. I t follows that (1,9,0) G G(Pi, P2, P3). Using Lemma 1.15 
and Figure 2, we can conclude that Z(Pi +  9P2) =  l(9P2). From the Riemann-Roch 
Theorem, this gives that l(K  — 9P2) =  l(K  — (Pi + 9P2)) -I- 1 for any canonical 
divisor K . Thus, there is a rational function h G L (K  — 9P2) \  L (K  — (Pi +  9P2)).
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So h has divisor (h) =  9p 2 — K  + E, where E  an Fi6-rational point (since deg 
E  = 2g — 2  — 9 =  1) other than Pi. We can write the divisor of h as
(h) =  (9 +  t2 )p 2 +  £3P3 — K  + tiPab, 
where U =  1 for exactly one index i, 2  < i < 4, and t j  — 0 for i  ^  j .  Since 
2-Pl +  IOP2 +  Pz ~  {Qi +  Q2 +  Qz) =  iv) ~  ~  (9 +  t2 )p 2 +  tzPz — K  t^Pab,
there is a rational function /  with pole divisor
( / )  00 =  2 P i  +  (1  — t2)p2 +  (1  — £3) P 3 - 
This pole divisor is one of the following:
(1) 2 P\ +  P2 +  P3 if £2 =  £3 =  0.
(2) 2P1 + P 3 i f £2 =  l
(3) 2P1 +  P2 i f £3 =  l.
Cases (2) and (3) can be ruled out as (2 , 1) 6  G (Pi,P 2 ) — G(Pl, P3). Using 
Macaulay 2 [7], one can see that l(2Pi + P2 + Pz) — 1 =  l(2Pi +  P2). So (2 , 1, 1) € 
G(Pi, P2, Pz) and (1) does not hold. Thus, the minimum distance d of Cn(D, G) is 
at least 4.
Suppose d =  4. Then there is a differential (77) with divisor (77) =  G —(Q i+ Q 2 +  
Qz + Qa) +-4, where Qi, Q2l Qz, and Q4 are distinct Fi6-rational points contained 
in the support of D and A  is an F16-rational point different from the Q,-. Using the 
fact that (77) is linearly equivalent to the canonical divisor K  from above, we get 
that there is a rational function /  with divisor
( / )  =  —2 P i — (1  — t 2 )Pz — (1  — £3) P 3 — A  +  Q i  +  Q 2 +  Qz +  Q i  +  t^Pab.
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Then the pole divisor of /  must be one of the following:
(1) 3Pt 4- (1 -  t2 )P2 +  (1 -  t 3 )P3 if A  =  PX
(2) 2Px 4- (2 -  t 2 )P2 +  (1 -  t 3 )P3 if A  = P2
(3) 2Pi -F (1 — t 2 )P2 +  (2 — f3)P3 if A =  P3
(4) 2Px 4- (1 -  t 2 )P2 +  (1 -  t 3 )P3 if A  = Pab
(5) 2Pi +  (1 — t2 )P2 4 - (1 — t 3 )P3 4  Pcd otherwise, 
where PCd is an Fi6-rational point other than the P, and the Qi.
If (1) holds, then one of (3,1,1), (3,1,0), or (3,0,1) is an element of the semi­
group H (P i,P 2 ,P 3) (depending on the values of t 2 and t3). From Figure 2 we can 
conclude that (3 ,1,0), (3,0,1) G G(Pi, P2, P3). Since l(3Pi + P2 + P3) = 1 (using
[7]), (3 ,1, 1) G G(Plt P2 , Pz). Thus, we can rule out case (1).
Now suppose (2) holds. Then one of (2,2,1), (2,2,0), or (2 , 1 , 1) is an element 
of the semigroup of the triple (Pi, P2, P3). From Figure 2, (2,2,0) G C7(Pi, P2, P3). 
Both 2P]_ + 2P2 + P3 and 2PX + P 2 + P3 have dimension 1 (using [7]) and so (2,2,1), 
(2 ,1 , 1) G G(Pi, P2, P3). This gives a contradiction in this case.
In case (3), we get that (2 ,1, 2), (2 ,1 , 1), or (2,0, 2) is an element of H (Pi, P2 , P3). 
We just saw that (2,1,1) G G{P\, P2, P3). Similarly, one finds tha t (2,1,2) G 
G (P i,P 2 ,P 3). From Figure 2, (2,0,2) G G(Pi, P2, P3). Thus, we rule out case (3). 
Case (4) can also be handled in this manner.
Thus, (5) must hold. Then the pole divisor of /  is one of:
(1) 2Pi + P2 + P3 + Pcd if t 2 — t3 — 0
(2) 2Pi +  P3 +  Pcd if t2 = 1
(3) 2Pi +  P2 4- Pcd if £3 =  1.
In  each case, multiply /  by the rational function /  with divisor ( / )  =  5Pcd — 5Pi- 
Then either (7 ,1, 1) G H (P i, P2, P3) or (7,1) is an element of the semigroup of a
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pair of Weierstrass points. Using Macualay 2 [7], we find th a t 1(7P\ +  P2 +  P3) =  
l(6 Pi + P 2 +  P3). So by Lemma 3.2, (7 ,1, 1) G C?(Pi, P2 , P 3). From Figure 2 , (7 ,1) 
is an element of the gap set of any pair of Weierstrass points on y4 +  y  =  x 5. Thus,
(5) cannot hold.
We conclude that the three-point code Cn(is, u )  is a  [02,54, >  5] code. In Exam­
ple 2.23 we saw that the one-point code of dimension 54 on this curve is a [64,54,4] 
code and that the two-point code Ca(D', 8P00 +  6 Poo) is a [63,54, >  6] code.
R e m a rk  3.7. While the gap set of a pair of Weierstrass points on a Hermitian 
curve is independent of the points chosen, the gap set of a triple of Weierstrass 
points G(P\, P2, P3) on this curve does depend on the choice of points P i, P2, and 
P3. To see this, consider the curve yA + y = x 5 over Fi6. One can check that the 
dimension of the divisor 6P00 +  Poo +  P01 is 4, while the divisor 5P0o +  Poo +  Pox 
has dimension 3 (using [7]). Thus, (6 , 1, 1) 6  i f  (Poo, Poo, Pox)- However, (6 , 1, 1) 
is an element of the gap set of the triple (Poo, Poo, Pit) as Z(6P0o +  Poo +  Pit) =  
Z(6P0o 4- Pqo) =  Z(6P00 +  P01) =  Z(5P0o + P 00 + P 01) (using [7]). Therefore, we have 
tha t G (P00, Poo, Pox) #  G(Pqo, P0o, Pit).
3.2 G ( P i , . . . ,  Pm) and (m  — l)-point Codes
In this section, we examine the relationship between the gap set of an m-tuple 
(P i , . . . .  Pm) and the gap set G (Pi, . . . ,  Pm-i)  of an (m — l)-tuple. We will see how 
one may use the gap set of a triple to improve the bound on the minimum distance 
of certain two-point codes.
L em m a 3.8. I f ( 71, . . . ,  j m) and (71 -  tx - 1,72  —12, - - -, 7 m-i -  tm -1, 7m) are ele­
ments o f  i f  (P i , . . . ,  Pm) where 0 <  t,- <  7y, then (71 ,72  -  s2, - . . ,  7m-i -  sm_i, ym ~  
sm — 1) G i f  (P i , . - ., Pm) for some Sj with 0 <  Sj < 7 y fo r j  =  2 , . . . ,  m  — 1 and
0 ^  S m  ^  7m 1 •
43
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Proof. Since (71, •••,7m), (7 i“ *i—1,72—*2, ••• ,7 m -i-£ m -i, 7m) e  t f ( P i , . . . ,  Pm),
there are rational functions /  and /  with pole divisors (/)<» =  7 iPi H-------h 7 mPm
a^d (/)oo =  (71 l)Pl +  (72 ~  t 2 ) p 2  +  • * - +  (7m—1 ~  t m - l ) P m - l  +  7m-Fm-
Then there is a  linear combination h o f f  and /  with pole divisor (h )^  =  71 Pi 4-
(72 -  s2)P2 4-----+  (7m—1 -  sm- i)P m- i  4- (7m -  sm -  l)P m where 0 <  Sj < 7y for
2 <  j  < m  — 1 and 0 < sm < 7 m — 1. □
R e m a rk  3.9. If one takes j m =  1 in the above lemma, we see that two elements 
with last coordinate 1 of the semigroup of any m-tuple (Pi, . . . ,  Pm) give rise to an 
element of the semigroup of the (m  — 1)-tuple (P i , . . . ,  Pm-i)-
We will use Lemma 3.8 with m  =  3 and 73 =  1 in proving the following theorem.
T h eo rem  3.10. Assume (a^ a ^ ), (<*1 +  1,<*2) £ G (Pi,P 2 ) and l((a  1 4- 1)Pl 4- 
a 2P2) =  l(otiPi 4- a 2 P2) = l((ai — l)P i -I- a 2P2). Suppose (7 ! - 1, 7 2 -  s -  1), 
(7 i, 72 — s') 6  G(P\, P2) for all s and s', 0 <  s < min{72 — 1, 2 g — 2 — (a:i 4- a 2)}, 
0 <  s' <  72- Set G — (ai +  71 — l)-^i +  (^2 +  72 — 1)P2, and let D  =  Qi 4- • • • -\-Qn, 
where the Qi are distinct Fq-rational points, each not belonging to the support of 
G. I f  the dimension of C{i(D,G) is positive, then the minimum distance of this 
code is at least deg G — 2 g 4- 4.
Proof By Theorem 2.1, the minimum distance d of C n (D ,  G) is at least deg G — 
2g 4- 3. Suppose there is a codeword of weight w — deg G — 2g 4- 3. Then there
exists a differential 77 with divisor (77) = G  — (Qi 4 'rQw)JrA , where A  is an F9-
rational point, A  7  ^Qi for 1 <  i < w. Since 4-l)P i + a 2 P2) =  l{a.\Pi + a 2 P2), 
there is a rational function h with divisor (h) =  a iP i 4- (a2 + t)P 2 — K  4- E, where 
0 < t < 2g — 2 — (o;i 4- oc2) — deg E , K  is a canonical divisor, and E  is an effective 
divisor whose support does not contain Pi or P2. Thus,
K  <'>•' QuPi 4~ (a 2 4- t')P2 4* E.
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Similarly, £(auPi +  0^ 2) =  K(a i ~  1)A  +  ol2 P2) implies that there is a rational 
function h with divisor (h) =  (07 — l)P i -b (0:2 +  H)P2 — K ' +  E ', where 0 < f  < 
2g — 2 — («! -b 0 :2) — deg E ', K ’ is a canonical divisor, and E 1 is an effective divisor 
whose support does not contain Pi or P2. Thus,
K ' ~  («! -  1 )PX +  (a2 +  t')P 2 + E '. 
If A  =  Pi, (57) =  (ax + 7 i)P i -b (a2 + 7 2  — l ) p 2 — (Qi "I i~Qw)- Then (77) ~  K
implies 0 ~  —7 iP l — (72—t — 1)P2+(QiH This gives a contradiction as
( 7 i ,7 2 - t - l )  G G(Pl ,P 2) .I fA  =  P2, (77) =  (ck i+ 7 i-1 )P i+ (q j2+ 72)P 2-(Q i+  b
Qw). Since (77) ~  K ', it follows that 0 ~  —71 Pi — (72 — O P 2 +  {Qi H l-Qw) + P ;.
This contradicts (71,72 — if) being an element of the gap set of the pair (Pi, P 2). 
If A  is in the support of E , then (77) ~  K  implies 0 ~  — (71 — 1)Pl — (72 — t  —
1)P2 +  (Qi -I b Qw) -b (E  — A). Note that 0  < t < 2 g — 3 — (aL +  0:2)- This is a
contradiction as (71 — 1,72  — t  — 1) G G(Pi, P2). Similarly, if A  is in the support of
E', then (77) ~  K '  gives that 0 ~  —71 Pi — (72—? — 1)P2 +  (QiH------bQW) + {E '—A).
This is also a contradiction.
Thus, A  is an F9-rational point different from Pi and P2 and that is not contained 
in the support of the divisors E  or E'. Now, since (77) ~  K  we have that
0 ----- (7l -  i ) p L _  (72 - t  -  1 )P2 — A  + (Qi -H-+  Qw) +  E.
Using the fact that (77) ~  K ' we get that
0 ^  Th-Pi — (72 — t' — 1)P2 — A  +  (Qi +  • • * +  Qw) +  E'.
Then
(71 - 1 , 7 2 - 4 - 1 , 1 ) ,  (71,72 — ? — 1,1) G H (P U P2, A).
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By Lemma 3.8, (71,72  — t  — 1 — s) €  H (P i, P-i) for some s, 0 <  s <  72 — t  — 1 . 
This is a contradiction, as (71,72 — t  — 1 — s) 6  G(Pi, P2)- Therefore, the minimum 
distance of C&(D, G) is a t least deg G — 2g +  4. □
We provide the next example to illustrate Theorem 3.10.
E x am p le  3.11. Let X  denote the nonsingular model of the hyperelliptic curve 
y 2 + y = x 9 over F16. Then X  has genus 4 and 9 F16-rational points. The point at 
infinity is the only Fi6-rational point that is a  Weierstrass point [14]. Let P\  and P2 
be distinct non-Weierstrass points on X .  Then G ( P i )  = G ( P 2) =  {1,2 ,3 ,4}. Let 
(<*!, a 2) =  (2,0) and ( 7 1 , 7 2 )  =  (4,3). Set G  — (0 :1  +  7 1  — l)P i +  (a 2 +  7 2  -  l ) p 2 =  
5PX + 2P2. Since 1,2 €  G (Pi), l (2Pi)  = 1{P{)  = 1(0 ). By [11], (4,/?) 6  G ( P U P2) 
for all J3, 0 <  /? <  3. Thus, the hypotheses of Theorem 2.1 are satisfied, and the 
minimum distance of the two-point code C n ( D ,  G)  is at least 2.
If the minimum distance of C n (D ,  G)  is exactly 2 , then there is a differential 77 
with divisor (77) =  5Pi +  2P2 — (Qi +  Q2) +  A, where A  is an Fx6-rational point 
different from Qi and Q2. By the Riemann-Roch Theorem, since I ( 2  Pi) =  I (Pi) =  
£(0), there are rational functions h and h! with divisors (h) =  2Pi -1- tP 2 — K  +  E  
and (h1) = P i+ t'P 2 — K ' + E r, where K  and K ' axe canonical divisors on X , E  and 
E ' are effective divisors with supports not containing Pi or P 2, 0 <  £ <  4 — degp , 
and 0 <  t! < 5 — deg E '.
If A  =  Pi, then (77) ~  K  gives 0 ~  —4PX — (2 — t)P 2 + E  + (Qi 4- Q2). This is 
a  contradiction since (4, /3) 6  G (P i,P 2) for all /?, 0 <  (3 < 3. Similarly, if A  = P2, 
then it follows from (77) ~  K  that 0 ~  —4PX — (3 — f ) P 2 +  E r + (Qi +  Q2). The 
point A  cannot be in the support of E  as (3,2 — t) G G(Pi, P2) (from [11]). If A  is 
in the support of E ', then (4, 2  — t') G H(Pi, P2), which is a contradiction. Finally, 
since A  ^  P 1} P2 and A  is not contained in the support of E  or E ', we have that
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0 ~  —3P \—(2—t)p 2 —A + (Q i+ Q 2) -t--^ 3-nd 0 ~  —4.Pi—(2—tr}P2 —A.-\-(Qi-\-Q2 y)~\~E'- 
Thus, (3,2 — £, 1), (4,2  — 1?, 1) 6  H (P i, P2 ). By Lemma 3.8, (4,2 — s) €  H (Pi, P2 ) 
for some s, 0 <  s <  2 . This gives a  contradiction. Therefore, the minimum distance 
is a t least 3. This two-point code has dimension l(G  — D) +  n  — deg G + g — 1 =  
l ( G - D ) +  3 > 3 .
By using a basis for L (2K ) ,  we may embed X  into P8. Then, we can use Macaulay 
2 to compute L { G ). We find tha t the dimension of L {G )  is 4, and, in fact, a parity 
check matrix for C n (D ,  G)  may be seen to be
^ 1 1 1 1  1 1 1 ^
M  =
V
0 1  i t 10 t 10 t5 t5
0 1  1 t5 t5 t 10 t 10
0 £10 t5 t 10 1 t5 1
where t  = tA +  1 is a primitive element in F ^ . Therefore, the code C n(D ,G ) is a
[7,3,4] code.
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